1. Introduction. As is well known, any two faithful modules over a simple ring are isomorphic if their endomorphism rings are isomorphic. This theorem, however, cannot be extended to the case of modules over a semi-simple ring. As a generalization of isomorphisms between modules over a ring we have the notion of semi-linear isomorphisms.
1. Introduction. As is well known, any two faithful modules over a simple ring are isomorphic if their endomorphism rings are isomorphic. This theorem, however, cannot be extended to the case of modules over a semi-simple ring. As a generalization of isomorphisms between modules over a ring we have the notion of semi-linear isomorphisms.
But even this notion is not general enough for the above theorem to be generalized to the case of modules over a semi-simple ring (1) . It seems to the author that the most general type of condition which implies the existence of an isomorphism between the endomorphism rings of two modules is to require the existence of a categoryisomorphism carrying one of these modules into the other, and by the notion of category-isomorphisms we can obtain a generalization of the above theorem in a satisfactory form even for modules over a quasi-Frobenius ring. Let A and B be associative rings each of which satisfies the minimum condition for left and right ideals and has a unit element. Let SI be a class of right (or left) A -modules and 33 a class of right (or left) B-modules. A function T, which assigns to each module A in SI a £-module T(A) in 23 and to each ,4-homomorphism/: A->X'(X, A'GSl) a £-homomorphism Tif) : T(A) -rTiX'), is called a covariant functor from the category SI to the category 23 (2) if the following three conditions are satisfied:
(1) If /: X-*X is the identity then Tif) is the identity; (2) Tif o /) = Tif) o Tif) for /: X -X', f:X'-* X" ; (3) Tif + }') = Tif) + Tif) for /, /' : X -> X'.
Let T and T' be two covariant functors from SI to S3. A natural transformation <£:£-»£' is defined to be a family of £-homomorphisms
$(X): r(X)->r(X)(XeSI) such that Tif) o$(A) =$(A') o T(J) for each .4-homomorphism/: X->X'. If each Í>(A) is a £-isomorphism of T(A) onto T'iX) then <&: T->T is called a natural equivalence. If there exists a natural equivalence <&: T->T, T and T are said to be naturally equivalent.
Let Pi be a covariant functor from 31 to S3 and P2 a covariant functor from S3 to 21. In case the composite functors P2Pi and P1P2 are naturally equivalent to the identity functor, Pi(resp. P2) is called a category-isomorphism from §1 onto 23 (resp. from S3 onto 31) (3).
For a ring C we shall denote always by SD?c the category of all right Cmodules and by Endc(M) the C-endomorphism ring of a right C-module M. With these notations we have Proposition 1.1. Let X be a right A-module and Y a right B-module. If there exists a category-isomorphism T from STJU onto 5DîB such that T(X) is B-isomorphic to Y, then End^fJf) is ring-isomorphic to Endß(F).
Indeed, the correspondence /->^ o T(f) o ^_1 for /£End¿(X)
gives a ring-isomorphism of End^(X) onto EndB(Y) where ip is a P-isomorphism of T(X) onto F.
The present paper is concerned with the problem : For what kind of rings A and B does the converse of Proposition 1.1 hold?
In discussing this problem we shall first restrict ourselves to the case of faithful modules. It can be shown that if A and B are quasi-Frobenius rings and if a right A -module X and a right P-module Fare faithful modules which are direct sums of finitely generated submodules then the converse of Proposition 1.1 holds. However, we can establish a more general and more precise result.
We shall say that a subring C oí End^-X") is strongly dense in End^-X") if the following two conditions are satisfied :
(1) C is dense in End^(X) in the ordinary sense; that is, for any finite number of elements Xi, • • • , xm in Xand for any endomorphism/GEnd^(X) there exists gEC such that g(xt) =/(x.) for i= 1, 2, • • • , m.
(2) For each finitely generated A -submodule M of X which is a direct summand of X there exists gEC such that g is a projection of X onto M.
Here we shall recall some definitions. Let A be a ring which has a unit element and satisfies the minimum condition for left and right ideals. Then A is called quasi-Frobenius if Honu(Honu(.X, A), A)=^X holds for every finitely generated left or right ^-module X where HomA(Y, A) for a left (resp. right) A -module Y means the right (resp. left) A -module which consists of all .4-homomorphisms of Y into A with the usual compositions: (a+ß)(y)=a(y)+ß(y), (aa)(y)=a(y)a (resp. (act)(y)=a(ct(y))), for a, ß EHonu(F, .4), aEA, yEY. A is called generalized uni-serial if every left ideal Ae as well as every right ideal eA generated by a primitive idempotent element e possesses only one composition series. A is called uni-serial if A is generalized uni-serial and if A is a direct sum of two-sided ideals each of which is a primary ring. Semi-simple rings are uni-serial, and uni-serial rings (') As for category-isomorphisms cf. Morita [8] , in which they are introduced under the term of isomorphisms.
are quasi-Frobenius, and group rings of finite groups over a field are also quasi-Frobenius. Now we can state our main theorem. Theorem 1.2. Let A and B be quasi-Frobenius rings. Let X and Y be respectively a faithful right A-module and a faithful right B-module such that X and Y are direct sums of finitely generated submodules. Let C be a strongly dense subring of End^(A) and D a strongly dense subring of EndB(F). //<$ is a ringisomorphism of C onto D, then there exists a category-isomorphism T from Wa onto SDÎb such that T(A) is B-isomorphic to Y and $(/) = for(/)or> for f EC holds with a B-isomorphism \¡/ of T(A) onto Y.
As a special case where C=End¿(A) and D = EndaiY) Theorem 1.2 contains a solution to the problem proposed above in its precise form.
In applications of Theorem 1.2 it will be useful to note that any module over a generalized uni-serial ring is a direct sum of cyclic submodules (cf. Nakayama
[il]) and hence a direct sum of finitely generated submodules. In case A and B are self-basic, that is, each of them coincides with its basic ring, Theorem 1.2 can be brought into another form: Theorem 1.3. Let A and B be self-basic quasi-Frobenius rings. Let X, Y, C, D be as in Theorem 1.2. Suppose that $ is a ring-isomorphism of C onto D. Then there exists a semi-linear isomorphism u> of X onto Y with a ring-isomorphism 6 of A onto £(4) such that $(/) = wo/oar1, for f EC.
As is well known, any dense subring of the ring of all linear transformations of a vector space over a division ring is strongly dense in our sense if it contains a nonzero linear transformation of finite rank. Accordingly it is seen that the isomorphism theorem for primitive rings with minimal left ideals (cf. Jacobson [7] ) may be obtained as a special case of Theorem 1.3; we have only to notice that a division ring is self-basic, generalized uni-serial and quasiFrobenius. Likewise Shoda's theorem [14] , Asano's theorem [l] , and Baer's theorem [4] , which are concerned with endomorphism rings of modules over a commutative or completely primary uni-serial ring, are also special cases of our Theorem 1.3.
In the above theorems we have dealt with the case of faithful modules. In case we admit X and F to be nonfaithful modules, we must restrict ourselves to the case where A and B are similar (6) . This restriction is justified by the (*) That is, a is a one-to-one mapping of X onto Y such that o>(x+x')=ù>(x)+a(x'), u(xa)=a(x)6(a) for x, x'EX, aEA.
(') If the basic rings of A and B are isomorphic, we shall say that A and B are similar. Throughout this paper the meanings of the notations used in this introduction will be retained; thus, A and B are always assumed to be associative rings each of which has a unit element and satisfies the minimum condition for left and right ideals. Modules over a ring are assumed to be unital in the sense that the unit element of the ring acts on the modules as the identity operator.
2. Category-isomorphisms. A°is called the basic ring of A ; the basic ring of A is determined by A uniquely up to an inner automorphism (cf. Osima [13] ). Let us set Py(X) = X ®A Ae, for X E WIa, Pt(X") = Horn/ (Ae, Xo),
for Xo E S0cV,
where Ae is considered as a two-sided A -A"-module. Then, as is shown in Morita [8, §7] , Pi is a category-isomorphism from S0t\i onto 9)cV and P2 a category-isomorphism from 9JJa° onto Wa, and the composite functors P2P1 and P1P2 are naturally equivalent to the identity functor.
For Qi lî Q* ww-rmB" is commutative in the sense that the composite functors indicated by arrows are naturally equivalent if they are defined over the same category and have values in the other same category.
Thus the study of category-isomorphisms from 3JÎa onto Wb is reduced to that of category-isomorphisms from Wa" onto STJiV. As for the latter the following theorem is fundamental. Here cba: A-+A is a right A-homomorphism defined by cf>aix) =ax for xEA and \pb' B-+B a right B-homomorphism defined by \pbiy) = by for yEB, and bv is defined to be T2($b)v for vET2iB), bEB.
In this case V= T2{B) becomes a two-sided B -A-module and Ti is naturally equivalent to the functor Horna(F, ). Furthermore Proof. Since cr-1 o Tttyb) o cr is an ^4-endomorphism of the right A -module A, there exists uniquely an element of A, which will be denoted by x(°), such that cr-1 o Tt(\pb) o cr = #x(î)). Then x is easily shown to be a ring-isomorphism of B onto A. If we put 6 = x~1, we have the first part of the theorem.
The second part is proved in Morita [8, Theorem 3.1 ]. As for the last part we have
This completes the proof. In Theorem 2.1, if we put i»0 = cr(l), then we have (7) F = {vaa | a E A}, voa = 0 if and only if a = 0,
Conversely, for a given ring-isomorphism 6 of A onto B we can construct a two-sided B-A-module F by the formulas (7) and (8). Then er: A-*V defined by o(a)=Voa is an A -isomorphism satisfying (5), and the covariant functor P defined by
is a category-isomorphism from TIa onto 2)Îb by Morita [8, Theorem 3.4] and the ring-isomorphism associated with T by Theorem 2.1 is equal to 6. Lemma 2.2. With respect to the category-isomorphism T defined above we have
where XEWa and T(X) is defined by (6) .
Proof. For the sake of brevity we set coi = T( X) and S(f) = T(X) of o T( X)~l.
Let aErlomA(V, X), aEA, and put x = a(v0). Then we have
and hence coi(x) =a. Therefore
and consequently
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On the other hand, we have
This completes our proof.
Lemma 2.3. Let co be a semi-linear isomorphism of a right A-module X onto a right B-module Y with a ring-isomorphism 6 of A onto B. If we put \p =d)oT(X)~\ then if/ is a B-isomorphism of T(X) onto Y and
Proof. This is an immediate consequence of Lemma 2.2. Now let A and B be self-basic rings. Then for any category-isomorphism P2 from üDÍb onto $JIa there exists always an .4-isomorphism cr: A->Tt(B); this is seen from the fact that the projectivity and indecomposability of modules are preserved under any category-isomorphism (cf. Morita [8, §13] ). Therefore any category-isomorphism from Wa onto Wb is determined by a ring-isomorphism 6 of A onto B. 3. Main theorem. In this section we shall state our main theorem in a more general setting.
We shall say that a right A -module X is fully faithful, if every indecomposable projective right A -module as well as every indecomposable injective right A -module is ,4-isomorphic to a direct summand of X. We are now in a position to state our main theorem in a more general form. 
MPiif)) = QiiHf)) for/GC.
Then A0 and F° are fully faithful modules over A° and £° respectively, and they are direct sums of finitely generated submodules. C° and D° are strongly dense subrings of EndA°(A°) and Endjs°(F°) respectively. <$o is a ring-isomorphism of C° onto D°. Moreover, A0 and £° are self-basic rings such that every indecomposable injective right module over A0 (resp. £°) is finitely generated.
Let us now assume that Thus we have proved that Theorem 3.3 implies Theorem 3.2.
4. Some lemmas.
Lemma 4.1. Let X be a faithful right A-module which is decomposed into a direct sum of two submodules X0 andXi such that X0 is A-isomorphic to A as a right A-module. Let C be any dense subring of End^(X). Suppose that C contains a projection eo from X onto Xo. Then the left C-module X is C-isomorphic to Ceo, and any C-endomorphism of X is obtained by the right multiplication of an element of A.
Proof. We assume that Xi=(l -ea)X. Let x0 be the element of Xo corresponding to the unit element of A by the given isomorphism of Xo onto A. V\Iepnta(xoa)=aioraEA ;a(x) =0forx£.Xi. Then we ha\eaErlon\A(X,A). Then for x'EX the correspondence x->x'a(x) defines an .4-endomorphism of X which will be denoted by cr(x') ; we have
For <r we have cr(x+x')=<r(x)+cr(x'), c(cx)=ctj(x) for cEEndA(X).
Moreover, we have cr(x0) =eo, cr(x)e0 = c(x) for xEX, since Thus cr is an End^(X)-homomorphism of X into End^(X)e0. Furthermore, cr is an EndA(X)-isomorphism;
(1) for xf^x' we have cr(x)^cr(x') because x = xa(x0) =cr(x)xo; (2) for any fEEndA(X)
we have ct(fxo) =fo(xo) =feo and hence cr is onto. Now let/GEnd^(X). Then, since C is dense in End^rX), there exists gEC such that g(x0) =f(x0). For this g we have geo = gcr(xo) =cr(gx0) =ct(/x0) =/<r(xo) =feo. Hence Ceo-[End^(X)]e0. This proves the first part.
To prove the second part, let X be any C-endomorphism of X. Ii we put fl = a(X(xo)),then for anyxGXwehavexcx = x(a(X(x0))) =cr(x)X(x0)=X(<r(x)xo) = X(xa(xo))=X(x). (Cf. Morita [8, §3] ).
Lemma 4.2. Let X be a right A-module which is decomposed into a direct sum of finitely generated A-submodules. Let C be a strongly dense subring of Endx(X). If e is a primitive idempotent element of C, then e is primitive also in EndA(X) and eX is a finitely generated, indecomposable A-module.
Proof. From the assumption it follows that X is a direct sum of indecomposable, finitely generated ^4-submodules XX(XGA): X = ~S®X\. Then for each X there exists an idempotent element e^EC such that X\ = e\X. By Since eEC, fEC and e is primitive in C, we have e = efe; otherwise we would have efe = 0 and hence ee\= (e/e)ex = 0 which contradicts ee\X=fXj¿0. Hence fe=ief)e = e. Thus we get ef=f,fe = e. This shows that eX=fX. Therefore eX is a finitely generated, indecomposable A -submodule and e is primitive in EndA(A).
Lemma 4.3. Let X and C be as in Lemma 4.2. Let e be an idempotent element of C such that eX is finitely generated. Then e is a sum of a finite number of mutually orthogonal primitive idempotent elements of C.
Proof. Let eX = Xi® • • • ©A, be a decomposition of eX into a direct sum of indecomposable, finitely generated submodules. We shall denote by e,-the A -endomorphism of X which is identity on A,-and zero on (1-e)X © ^tjf*i®Xj. Then we have e = Ci+ • • • +•?». Since eX is finitely generated and C is dense in EndA(A), there exist hiEC such that hiX = e¡x for all xEvX. Then we have eíx = hiex for each xE X and hence e< = hie. Since e, hiEC, we have e,£C 5 . Proof of the main theorem. As was shown in §3, we have only to prove Theorem 3.3.
For this purpose, let A and B be self-basic rings such that every indecomposable injective right A -module (resp. £-module) is finitely generated. Let X (resp. F) be a fully faithful right A -module (resp. £-module) which is a direct sum of finitely generated submodules. Let C be a strongly dense subring of EndA(A) and D a strongly dense subring of EndB(F). Furthermore, let $ be a ring-isomorphism of C onto D. We shall first deal with the case where X and F are finitely generated.
Lemma 5.1. Theorem 3.3 holds if X and Y are finitely generated.
Proof. Since C and D are dense in End¿(X) and Ends(F) respectively and X and Fare finitely generated, we have C=End¿(X) and D = EndaiY). Since X and F are fully faithful and finitely generated, by Morita [8, rems 16.3 and 16.4] the left C-module X as well as the left D-module F is finitely generated, faithful, projective and injective (6) . (8) In case X is not finitely generated, the left C-module X is still projective but not injective.
Let us set c * y = $(c)y for y G F, cE C.
Then F is a left C-module which is finitely generated, faithful, projective and injective. Since the C-endomorphism ring of X (resp. the £-endomorphism ring of F) is inverse-isomorphic to A (resp. B) and A (resp. B) is self-basic, the left C-modules X and F are C-isomorphic to C«?i and Ce2 where each of ei and e2 is a sum of a finite number of mutually orthogonal primitive idempotent elements of C such that any two of them generate nonisomorphic left ideals of C. Here it is to be noted that the ring C is semi-primary in the sense that its radical is nilpotent and the residue class ring modulo its radical satisfies the minimum condition for left and right ideals. Hence the semi-simple part ( = socle) of an indecomposable injective left C-module is simple and two injective left C-modules are C-isomorphic if and only if their semi-simple parts are C-isomorphic(7). In the present situation, each of the semi-simple parts of C«?i and Ce2 is a direct sum of a finite number of mutually nonisomorphic simple left C-modules which exhaust all types of simple left C-modules contained in C. Therefore the semi-simple parts of Cei and Ce2 axe C-isomorphic, and consequently C?i and Ce2 are C-isomorphic (8) . Let w be a C-isomorphism of X onto F. Then we have o>icx) = c*o>ix) = $(c)co(a;) for x E X, c E C.
On the other hand, for an element a of A the mapping y-Ho(co_1(y)a) defines a D-endomorphism of Fand hence there exists an element did) oi B such that w(w-1(y)a) =y0(a). Thus we have u>ixd) =co(x)ö(o). It is easy to see that 0 is a ring-isomorphism of A onto B. This completes the proof of Lemma 5.1. We shall now return to the general case where X and F are not necessarily finitely generated.
Let e and •?' be idempotent elements of C such that eX is A -isomorphic to the right A -module A and e'X is a direct sum of a finite number of mutually nonisomorphic indecomposable injective right A -modules which exhaust all types of indecomposable injective right .4-modules; the existence of e and e' is assured by the assumption that C is strongly dense and X is fully faithful. Let / and /' be idempotent elements of D having the properties corresponding to e and e' respectively.
Then by Lemma 4.3 each of / and /' is a direct sum of a finite number of mutually orthogonal primitive idempotent elements of D, and hence each of (7) Theorem 6.1 in Morita [8] holds for semi-primary rings in the above sense (with the exception of 3°).
(*) From the fact that Ce¿ is a direct sum of a finite number of mutually nonisomorphic indecomposable injective left ideals of C, it can be shown that C«< is a minimal faithful left Cmodule in the sense that any faithful left C-module has a direct summand which is C-isomorphic to Cet (* = 1, 2). From this we have another proof for the proposition that Cei and Ce, are Cisomorphic.
[June f>_1(/) and ^_1(f) is a direct sum of a finite number of mutually orthogonal primitive idempotent elements of C. Hence by Lemma 4.2 we see that~1 (f)X and $>-1(/')X are finitely generated right .4-modules. From the assumption that X is decomposed into a direct sum of finitely generated A -submodules -X\(XGA), it follows that there exist a finite number of elements Xy 0'= 1, • • ■ , s) of A such that eX, e'X, Qr^X and $rl(f)X are all contained in 2^J_i ©-Xx,-Let h be an element of C which is a projection of X onto X^*=i ®X\j. Then by Lemma 4.3 h is an idempotent element which is a sum of a finite number of mutually orthogonal primitive idempotent elements of C. Hence by Lemma 4.2 <p(P) Y is a finitely generated right P-module.
The direct summands eX and e'X of X are both contained in hX, and hence they are also direct summands of hX. Hence hX is a finitely generated, fully faithful right A -module.
On the other hand, we have *_1(/) = A*~1(/). $-1(f')=h$-l(f') since $-!(/)X and S-'Cf') are contained in hX. Hence/=*(*)/./'=*(*)/". Therefore/F and /' Y are contained in <J?(P) Y, and, since they are direct summands of F, they are also direct summands of $(A) Y. This shows that $(&) F is a finitely generated, fully faithful right P-module. Therefore there exists a semi-linear isomorphism co of the left C-module X onto the left P-module F with the ring-isomorphism $ of C onto D:
for x E X,c E C.
For an element a of A, the mapping y->u>iu>~liy)a) defines a £>-endomorphism of F and hence by Lemma 4.1 there exists an element 8 id) of B such that u>iu>~1iy)a) =y$ia). It is easy to see that 8 is a ring-isomorphism of A onto B.
Thus we have co(xa) = co(ic)0(a) iox x E X, a E A, and co is a semi-linear isomorphism of the right A -module X onto the right £-module F with a ring-isomorphism 8 of A onto B. This completes our proof of Theorem 3.3.
Remark. In Theorems 3.2 and 3.3 the adjective "fully faithful" cannot be replaced by "faithful" in the usual sense.
Let C be the subalgebra of the full matrix ring (A)io over a commutative field £ such that the elements Then A is a fully faithful right A -module, and F' (resp. Y") is a faithful right £'-module (resp. £"-module) which has a direct summand £'-isomorphicto£'
(resp. £"-isomorphic to B"). Since C is QF-1, we have Endx(A)^C, EndB-(F')^C, and EndB-iY")9¿C. Hence EndA(A)^EndSi(F') but there exists no semi-linear isomorphism of X onto F since A and £' are not ringisomorphic. On the other hand, if we correspond the £"-endomorphism of Y":y"-^cy"iy"EY") to the £'-endomorphism of Y': y'-^cy'iy'E Y'), we have a ring-isomorphism <£ of End£<(F') onto EndB"(F") but there exists no semi-linear isomorphism u> of Y' onto Y" such that 4>(/) = w 0/ o to-1 for each /GEndfi'(F') since such an ui would give a C-isomorphism of Y' onto F". (However, there is a semi-linear isomorphism of F' onto F" which is induced by a ring-automorphism of C.) 6 . A characterization of quasi-Frobenius rings. In this section we shall show under some condition that quasi-Frobenius rings are the most general type of rings for which the conclusion described in Theorem 1.2 holds.
[June We shall say that A has a duality for modules if there exists a duality between the category ¿STA* of all finitely generated left A -modules and the category aft* of all finitely generated right ¿4-modules(9).
It is well known that an algebra of finite rank over a commutative field or a commutative ring with minimum condition has a duality for modules. It is an open question whether any ring with minimum condition has a duality for modules.
We shall prove Proof. We shall use the notations described at the beginning of §2. Thus A° = eAe and B° = e'Be' are self-basic rings of A and B respectively, and e and e' are idempotent elements of A and B respectively. Let D=(Dy, Dt) be a duality between ¿99Î* and 9KÎ. We put X0 = Dy(Ae), Y0 = e'B, where Ae is considered as a left A -module and F is a right P-module. Then End¿(X0) is inverse-isomorphic to the yl-endomorphism ring of the left A -module Ae and the latter is inverse-isomorphic to .4°. Hence End¿(X0)=.40.
On the other hand, we have Ends(F0)=P°.
Since there are some X and F such that EndA(X)^EndB(F), A and B are similar by Morita [8, Theorem 7.5], and hence A0 is ring-isomorphic to P°. Therefore we have End¿(Xo)=EndB(F0).
Hence from the assumption of the theorem it follows that there is a categoryisomorphism T from SOf^ onto 2JÎb such that P(X0) is P-isomorphic to F0. Since the left ^4-module Ae is projective, X0 is injective and hence P(X0) is also injective, and consequently Fo is injective. Therefore by a theorem of Ikeda (for example, cf. Morita [8, Theorem 14 .l]) B is quasi-Frobenius, and A is also quasi-Frobenius. This completes our proof. From Theorems 6.1 and 1.2 we obtain a characterization of quasi-Frobenius rings.
Theorem 6.2. A is a quasi-Frobenius ring if and only if A has a duality for modules and for any finitely generated faithful right A -modules X and Y the existence of a ring-isomorphism of End¿(X) onto End a(Y) implies the existence of a category-isomorphism T from 'HJIa onto itself such that T(X) is A-isomorphic to Y.
(•) A duality between ¿2K* and 'HJIa is defined to be a pair D -(Dy, D¡) of contravariant functors D¡: ¿9Jc*->2KÎ and A: 5Dc3-»¿SK* such that the composite functors DiD¡ and D¡D, are naturally equivalent to the identity functor. Cf. Morita [8] .
7. The case of nonfaithful modules. In this section we shall prove the following theorems. Theorem 7.1. Let A be a uni-serial ring whose basic ring A" is decomposed into a direct sum of indecomposable two-sided ideals A° (J = 1, • • • , s) such that if A°/N° is ring-isomorphic to A^/Nj then A\ is ring-isomorphic to A°} where N\ is the radical of A\. Let B be similar to A. Then for a right A-module X and a right B-module Y the existence of a ring-isomorphism of EndA(A) onto Enda(F) implies the existence of a category-isomorphism T from SDÎa onto SDÍb such that T(A) is B-isomorphic to Y. Theorem 7.2. Suppose that for any finitely generated right A-module X and any finitely generated right B-module Y the existence of a ring-isomorphism of End^(A) onto Ends(F) implies the existence of a category-isomorphism T from 9)Îa onto SDÎb such that T(A) is B-isomorphic to Y. If there exist some X and Y such that End¿(X)=Ends (F) and if every residue class ring of A has a duality for modules, then A is a uni-serial ring with the structure described in Theorem 7.1 and B is similar to A. Let I be any two-sided ideal of A. Then A/1 has a duality for modules and is self-basic. Since any finitely generated right A //-module A is a finitely generated right ^-module and End¿(A)=End¿/r(A), it follows from Theorem 6.1 that A/I is quasi-Frobenius.
Hence by a theorem of Ikeda [6] A is uni-serial. Now let A=Ai@ ■ ■ ■ ®A, be a decomposition of A into a direct sum of indecomposable two-sided ideals of A. Let A,-be the radical of Ai. Suppose that A i/Ni is ring-isomorphic to A ¡/N¡.
We put X = Ai/Ni, Y=Bj/Mj, where £, = 004,), Mj=8iNf). Then Before proving Theorem 7.1 we shall give a lemma which was proved by Asano [l ] for the special case where X and F are finitely generated. If we set 7* = Ann(X*; -4*) (10) Hence by Theorem 1.3 there is a semi-linear isomorphism co¿ of the right A ¿//¿-module Xi onto the right £,//j-module Y¡ with a ring-isomorphism 0¿ of Ai/1 i onto Bj/Jj. Let A¿ be the radical of Ai. Then /,CA¿(11), and hence 0-"1 o0¿ induces a ring-isomorphism of Ai/Ni onto Aj/Nj. Therefore by the assumption on the structure of A it is seen that there is a ring-isomorphism <£¿ of Ai onto A¡. If we put \bi = 8ocf>i, then t/^ is a ring-isomorphism of .4¿ onto B¡. If we put further y * a = ypiia) for yE Y¡, aEAit then Y¡ is a right ¿¿-module and its endomorphism ring is isomorphic to Ends^Fy). If we denote by 7¿ resp. J¡ the annihilators Ann(X<; Ai) resp. Ann(F,-; Aj), then .4i/7j is ring-isomorphic to A}/J}. Since we have IíQNí, JjQNj(u), Ai/Niis also ring-isomorphic to Aj/Nj. From the assumption on the structure of A it follows that i=j. Thus it is the identity. Hence by Lemma 7.4 X<^ F,-as right ^.-modules, and consequently X and Fare .4-isomorphic.
Proof of Theorem 8.2. As in the proof of Theorem 7.2 we have only to prove the theorem for the case where A is self-basic.
From Theorem 6.2 it follows readily that A is quasi-Frobenius. Let N be the radical of A. Then by Nakayama [ll, Part I, Theorem 6] we have iV< = r(r(iVi)) = í(K^<)),í = l,2, • • • where r(S) = {a\sa = 0 for every sES}, l(S)= {a|as = 0 for every sES} for a subset S of A. Let X be any finitely generated left A -module such that N'X = 0. Then we have F7V' = 0 for F=Char¿X( = Honu(X, 4)); because if xGX, a£F, mEN' then ma(x) = a(mx) = a(0) =0 and hence a(x)Er(Ni), and consequently (am)(x) =a(x)m = 0 since Ni = r(r(Ni)). Similarly for any finitely generated right yl-module F with FiV' = 0 the left A -module Char4 F is annihilated by iV' from the lefthand side. Therefore by associating with each finitely generated left or right 4/iV-module X the ^-character module Char¿ X we obtain a duality between the category of all finitely generated left .¿/./V^modules and the category of all finitely generated right /l/iV'-modules. Thus A/N* has a duality for modules. Now any finitely generated right A /N{-mod ule X is considered as a finitely generated right A -module, and End^(X) = Endx/¡v<(X). Hence by Theorem 6.2 it is seen that A/N* is quasi-Frobenius. In particular, A/N2 is quasi-Frobenius. Hence by Nakayama [12] A is a generalized uni-serial ring. We shall prove furthermore that A is uni-serial. For this purpose by Nakayama [12] we have only to show that B = A/N2 is uni-serial.
As is noted above B is self-basic, quasi-Frobenius and generalized uniserial. Furthermore for any finitely generated right P-modules X and F the existence of a ring-isomorphism of Ends(A) onto Ends(F) implies the existence of a £-isomorphism of X onto F. Let e be a primitive idempotent element of B and M the radical of B. Then we have EndsieB / eM)<^eBe/ eMe. On the other hand, eM is the semi-simple part of the injective right £-module e£, and hence by our previous paper [10, Theorem 4.2] End sie M)=eBe/e Me; because if e&e is an element of B such that ebeeM=0 then eèee£ is a simple right £-module and hence ebeeBQeM. Therefore eB/eM is £-isomorphic to eM. Consequently B is uni-serial. Thus A is uni-serial.
Let .¿=¿1©
• • • ffi¿, be a direct-sum decomposition of A into indecomposable two-sided ideals of A. Here it is assumed that A is self-basic. Moreover, since A is uni-serial as is shown above, every residue class ring of A has a duality for modules. Hence by Theorem 7.3 A has the structure described in Theorem 7.1; that is, if ¿¿/A¿ is ring-isomorphic to Aj/Nj, then ¿¿ is ring-isomorphic to ¿,-where Nk is the radical of Ak. Suppose that ¿¿/A¿ is ring-isomorphic to Aj/Nj for i^j. Let us set Ar = ¿¿/Ar¿, Y=Aj/Nj\ then X and F are finitely generated right ¿-modules and EndA(A) is ring-isomorphic to EndA(F), but X and Fare not ¿-isomorphic. Hence ¿¿/A¿ is not ring-isomorphic to Aj/Nj for i^j. Thus the theorem is completely proved.
